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•  The Organizers 
–  Nice to be here! 

•  Sponsors 
–  NSF Switzerland: thank you! 

•  Collaborations 
–  Qualcomm 
–  MICS 

•  Discussions and Interactions 
–  V. Goyal, MIT 
–  M. Unser, EPFL 
–  F.Natterer, UMunster 
–  N.Duric,KRS Detroit  
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1.  Introduction 
Inverse problems 101 
Three examples 

•  Sampling of sparse signals 
•  Inversion of the diffusion equation 
•  Acoustic tomography 

2. Signals with finite rate of innovation and sampling 
Parametric sampling 

3. Sparse sampling and compressed sensing 
Continuous versus discrete time 

4. Inverse problems and PDEs 
The diffusion equation, sampling and inversion 

5. Ultrasound tomography 
Sparsity in tomographic inversion 

6. Conclusions 
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Given a mapping:  

the equation:  

is well posed if 
•  Existence: 
•  Uniqueness: 
•  Stability: 

Linear, finite dimensional case:  A a n by n matrix 
•  A full rank 
•  Generalized inverse as LS solution 
But: Condition number is key, and thus regularization! 

Ref: C.Vogel, Regularization Methods, An Applied Mathematicians Perspective 



Spring-09 - 5 

1.  Mapping can be non-linear 
Solution hard to find, inverse might be unknown, iterative 

2. High dimensional 
Even if linear, systems with millions of unknowns are challenging 

3. Noisy 
There is no such thing as a noiseless problem (except on GF) 

4. Ill-posed 
There will be regions which are hard to invert 
Regularization is key, many options 

5. Priors 
Help, but subject to caution 
Sparsity a particularly popular one (at the moment) 

6. Algorithms 
Convex, non-convex, quadratic, L1 

7. To each its own…. 
Each new inverse problem asks for a detailed analysis and solution 
Sorry, no silver bullet! 
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1. Sampling Sparse Signals 
Parametric sampling and finite rate of innovation 

- Natural generalization of BL 
Mix of non-linear and linear problem 
Relation to compressed sensing 

2. Inverse problems and PDEs 
The diffusion equation 
Sampling and inversion 
Trading time for space 

5. Ultrasound tomography 
Wind tomography 
Ultrasound tomography for breast cancer  
Sparsity in tomographic inversion 
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1.  Introduction 
Inverse problems 101 and three examples 

2. Signals with finite rate of innovation and sampling 
Parametric sampling and finite rate of innovation 

- Natural generalization of BL 
Mix of non-linear and linear problem 
Relation to compressed sensing 

3. Sparse sampling and compressed sensing 
Continuous versus discrete time 

4. Inverse problems and PDEs 
The diffusion equation, sampling and inversion 

5. Ultrasound tomography 
Sparsity in tomographic inversion 

6. Conclusions 



Spring-09 - 8 

Given a class of objects, a class of functions (e.g. BL) 
Given a sampling device, as usual to  acquire the real world 
•  Smoothing kernel or lowpass filter 
•  Regular, uniform sampling 

Obvious question:  

When does a minimum number of samples uniquely specify the 
function?  
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About the observation kernel: 
Given by nature 
•  Diffusion equation, Green function 

Ex: sensor networks 
Given by the set up 
•  Designed by somebody else, it is out there 

Ex: Hubble telescope 
Given by design 
•  Pick the best kernel 

Ex: engineered systems, but constraints 

About the sampling rate: 
Given by problem 
•  Ex: sensor networks 
Given by design 
•  Usually, as low as possible 

Ex: digital UWB 
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Shannon BL case 

     or 1/T degrees of freedom per unit time 

•  But: a single discontinuity, and no more sampling theorem… 

•  Are there other signals with finite number of degrees of freedom per 
unit of time that allow exact sampling results? 
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The set up: 

Where x(t): signal, (t): sampling kernel,  
       y(t): filtering of x(t)  and yn: samples 

For a sparse input, like a weighted sum of Diracs (in DT and CT) 
•  When is there a one-to-one map yn   x(t)? 
•  Efficient algorithm? 
•  Stable reconstruction? 
•  Robustness to noise? 
•  Optimality of recovery? 
Classic inverse problem! 
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K Diracs on the interval: 2K degrees of freedom. Periodic case: 

•  Key: The Fourier series is a weighted sum of K exponentials 

•  Result: taking 2K+1 samples from a lowpass version of bandwidth 
(2K+1) allows to perfectly recover x(t) 

t 

x(t) 

 tk 

xk 
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Theorem 
Periodic stream of K Diracs, of period , weights {xk} and locations {tk}.  

Take a sampling kernel of bandwidth B, with B an odd integer > 2K 

or a Dirichlet kernel. Then the N samples, N > B, T = / , 

are a sufficient characterization of x(t). 
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Problem is non-linear in tk, and linear in xk given tk 
Consider two such streams of K Diracs, of period ,  

and weights and locations {xk,tk} and {x’k,t’k}, respectively 
The sum is in general a stream with 2K Diracs. 

But, given a set of locations {tk} then the problem is linear in {xk}. 

The key to the solution: 
Separability of non-linear from linear problem 
Use of an annihilitating filter H(z) 

Note: Finding locations is a key task in estimation/retrieval of sparse 
signals, but also in registration, feature detection etc 
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The signal is periodic, so consider its Fourier series 

1.  The samples yn are a sufficient characterization of the central 2K+1 
Fourier series coefficients (Sampling Thm. For FS). 

2.  The Fourier series is a linear combination of K complex 
exponentials. These can be killed using an annihilation filter 
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3. To find the coefficients of the annihilating filter, we need to solve  
a convolution equation, which leads to a K by K Toeplitz system 

4. Given the coefficients {1, h1, h2, … hK}, we get the {tk}’s by 
factorization of 

5. To find the coefficients {xk}, we have a linear problem, since given 
the {tk}’s or {uk}’s, the Fourier series is given by 

 Vandermonde linear system, proving 2K+1 samples are sufficient! 
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The procedure is constructive, and leads to an algorithm: 
1.  Take 2K+1 samples yn from the Dirichlet kernel output 
2.  Compute the DFT to obtain the Fourier series coefficients -K..K 
3.  Solve a Toeplitz system of equation of size K by K to get H(z) 
4.  Find the roots of H(z) by factorization, to get uk and tk  
5.  Solve a Vandermonde system of equation of size K by K to get xk. 

The complexity is: 
1.  Analog to digital converter 
2.  K Log K 
3.  K2 
4.  K3 (can be accelerated) 
5.  K2 
Or polynomial in K! 
Note: For size N vector, with K Diracs, O(K3) complexity, noiseless 
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For the class of periodic FRI signals which includes 
–  Sequences of Diracs 
–  Non-uniform or free knot splines 
–  Piecewise polynomials 

There are sampling schemes with sampling at the rate of 
innovation with perfect recovery and polynomial complexity 

•  Variations: finite length, 2D, local kernels etc 
•  Generalization to kernels satisfying Strang-Fix [Dragotti et al:07] 
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Acquisition in the noisy case: 

where ‘’analog’’ noise is before acquisition (e.g. communication noise 
on a channel) and digital noise is due to acquisition (ADC, etc) 

Example: Ultrawide band (UWB) communication…. 
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Annihilation equation:                   

can only be approximately satisfied. 
Instead:  

Pick L=K for minimal size, and unique locations. 

Method: SVD of A, or eigen-decomposition of  AT A . 
That is:  

Then H is the last column of V . From H, retrieve {tk} by factorization. 
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For small SNR’s, the TLS method can fail. Use a longer filter, of size  
L > K, but use knowledge that the matrix A is still only of rank K. 

Typically, use L= B/2 or of order N/2. Then: 
•  SVD of A = U S VT 
•  Put L+1-K smallest diagonal coefficients of S to zero, leading to S’  
•  New matrix A’ = U S’ VT 
•  This matrix is not Toeplitz, make it so by averaging along diagonals 
•  This is a denoised version of the sequence, still fitting the model 
•  Iterate until convergence criterion 

Note: structured matrix approximation, best in Froebenius norm 
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7 Diracs in 5dB SNR, 71 samples 

     Original and noisy version                  Original and retrieved Diracs 
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Find [x1,t1,x2,t2] from 21 noisy samples [y1,y2, … y21] 

The CRB is reached down to SNR of 5dB, thus we have an optimal 
retrieval method with a polynomial algorithm 

Note: SNR not a good measure, PSNR more appropriate 
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Find [xk,tk] from noisy samples [y1,y2, … y290] 
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1.  Introduction 
Sampling as an inverse problem 

2. Signals with finite rate of innovation and sampling 
Parametric sampling 
Examples 

4. Sparse sampling and compressed sensing 
Continuous versus discrete time 

3. Inverse problems and PDEs 
The diffusion equation 
Sampling trade-offs 

5. Ultrasound tomography 
Sparsity in tomographic inversion 

6. Conclusions 
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Consider a discrete-time, finite dimensional set up 
Model: 

–  World is discrete, finite dimensional of size N 
–  x  RN, but |x|0 = K << N : K sparse ibn a basis  

Method: 
–  Take M measurement, where K < M << N 
–  Measurement matrix F: a fat matrix of size M x N 

Sparsity 
Basis  

©

ª

Measurement Matrix 

M £ 1
measurements

N £ 1
sparse signal

K
non-zerosy

µ
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This is a vastly under-determined system… 
–  F is a frame matrix, of size M by N, M << N 
–  Key issue: the (N|K) submatrices (K out of the N) columns of F 
–  Consider the set of submatrices {Fk}, k=1…(N|K) 
–  Calculate projection of y onto range of Fk,  

–  If                 , possible solution 
–  In general, choose k such that  

–  Note: this is hopeless in general ;) 

Necessary conditions (for most inputs, or prob. 1) 
- M > K 
- all Fk must have rank K 
- all ranges of Fk must be different 
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Easy solution… Vandermonde matrices! 
–  Each submatrix Fk is of rank K and spans a different subspace 

–  Particular case: Fourier matrix or DFT matrix, or a slice of it 
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Set up: x  RN, but |x|0 = K << N : K sparse, F of size M by N 
Measurement matrix with random entries (gaussian, bernoulli) 

–  Pick M = O(K log N/K)  
–  With high probability, this matrix is good! 

Condition on matrix F 
–   Uniform uncertainty principle or restricted isometry property 

All K-sparse vectors x satisfy an approx. norm conservation 

Reconstruction Method: 
–  Solve linear program 

under constraint 
Strong result: l1 minimization finds, with high probability, sparse 

solution, or l0 and l1 problems have the same solution 
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Notes: 
Works for sparse in any basis 

–  Just replace F by F , where  is the sparse basis 
Works for approximately sparse in basis 

–  For ex. fast decay of wavelet coefficients 
Works for noisy case 

–  LP will work by picking large coefficients (like wavelet denoising) 

Price 
–   Unstructured matrices (e.g. Fx can be expensive) 
–  Some redundancy (log N factor) 

Gain 
–  Universality of measurement 
–  General set up 
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Sparse Sampling of Signal Innovations 
+  Continuous or discrete, infinite or finite dimensional 
+  Lower bounds (CRB) provably optimal reconstruction 
+  Close to “real” sampling, deterministic 
–  Not universal, designer matrices 

Compressed sensing 
+  Universal and more general 
±  Probabilistic, can be complex 
–  Discrete, redundant 

The real game: 
In the space of frame measurements matrices F 
•  Best matrix? (constrained grassmanian manifold) 
•  Tradeoff for M: 2K, KlogN, Klog2N 
•  Complexity (measurement, reconstruction) 
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1. Look for sparsity! 
–  In either domain, in any basis 
–  Different singularities 
–  Model is key 
–  Physics might be at play 

2. Choose operating point, algorithm,  
–  Low noise, high noise? 
–  Model precise of approximate? 
–  Choice of kernel? 
–  Algorithmic complexity? Iterative? 

3. It is not a black box…. 
–  It is a toolbox 
–  Handcraft the solution 
–  No free lunch! 
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1.  Introduction 
Sampling as an inverse problem 

2. Signals with finite rate of innovation and sampling 
Sampling at Occam’s rate 

4. Sparse sampling and compressed sensing 
Continuous versus discrete time 

3. Inverse problems and PDEs 
Sampling PDE’s 
The diffusion equation 
Sampling trade-offs in time and space 

5. Ultrasound tomography 
Sparsity in tomographic inversion 

6. Conclusions 



Sampling physical fields given by PDEs and driven by sources 

Good news: 
•  PDEs are known, and well understood 
•  PDE often regularize the problem (e.g. spatial smoothing) 
•  Some sources are in subspaces 

Challenges: 
•  Inhomogeneous dimensions: t and x are indeed different 
•  Cost of sampling in x much higher than in t 
•  Multidimensional sampling, possible non-separable 
•  Regular sampling in time, regular/irregular in space 
•  Sources are in manifolds 
•  Aliasing and undersampling, especially in space, are a real problem 
•  Some events are not bandlimited, and will never be 
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Key physical phenomenas: 

The wave equation: 

•  In far field: ray tracing is a good approximation 

The diffusion or heat equation: 

Navier-Stokes (turbulence): 
•  When averaged: diffusion or heat equation 

Random walks: 
•  When averaged: diffusion or heat equation 
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Fluid mo)on: Navier‐Stokes PDE 
(weather, ocean currents, ...) 



Sampling:  

Sampling physics: 

‐  Signal class    : subspace, sparse, parametric (manifold) 
‐  Observa)on kernel: by the setup, by design (e.g. random matrix in CS) 

   PDE 
sources:  field: 

‐  Observa)on kernel: only temporal filtering 

‐  No spa)al filtering in 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Good news: 
‐  PDEs are known, and well‐understood 
‐  Spa)al filtering provided by the PDE 

‐  Inhomogeneous dimensions:     and    This one is oLen cheaper, why? 

‐  Undersampling and aliasing in space are a real problem (no spa)al an)aliasing) 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The diffusion-advection process (Fick’s law): 

where a,b: wind, s: unknown source 

Model for: temperature, chemical plumes, smoke from forest fires, 
radioactive materials ... 

Example: heat diffusion in time and frequency 
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Assump)ons: 
‐          is a Poisson process, with 

average )me  

‐            is (approximately) 
bandlimited, with bandwidth  

‐  What is the minimum total sampling 
density? (At least      )  

‐  What is the trade‐off between spa)al and 
temporal sampling rates? 

Ques)ons: 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The PDE acts like a linear, shiL‐invariant system with impulse response  

: the Green’s func)on 

Spa)al Fourier transform: 

Time‐varying Gaussian filters 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Source model: 

Take the spatial Fourier transform 

Let  

Compressed sensing, 
finite rate of innova)on 
sampling, ... 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sparse 
sampling 

recon‐ 
struc)on 

summa)on of all sensor 
measurements 

if we have enough 
sensors in space 

sparse 
sampling 

sparse 
sampling 

sparse 
sampling 

fusion 
center 

recon‐ 
struc)on 

Robustness: 
‐ smooth filtering 
‐ averaging at fusion center 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When we are under‐sampling in space ... Aliasing in frequency! 

At the fusion center: 

Again, finite rate of innovation sampling!          samples are sufficient. 

2 x spa)al undersampling 

2 x temporal oversampling 

: aliasing frequency 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Between two “innovation” time instants: 

The field is completely determined by its initial state at           through linear filtering 

Green’s func)on 

Papoulis mul)channel sampling 

at 

at 

at 

at 

spa)al 
sampling 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Theorem: Sampling a diffusion field  

spatial density 

achievable 

unachievable 

temporal 
rate 

    : spa)al bandwidth of 
the sources 

    : average temporal 
rate 

We have to place the sensors nonuniformly, at the right loca)ons! 

: super‐res factor 

LB of the condi)on number for 
reconstruc)on 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1.  Introduction 
Sampling as an inverse problem 

2. Signals with finite rate of innovation and sampling 
Occam’s rate 

3. Sparse sampling and compressed sensing 
Continuous versus discrete time 

4. Inverse problems and PDEs 
The diffusion equation 

5. Ultrasound tomography 
Wind tomography 
Ultrasound sound tomography for breast cancer screening 
Sparsity in tomographic inversion 
Open source development 

6. Conclusions 



The sensor network is a distributed measurement device 
–  N sensors lead to a sampling of the field of interest in N points 
–  Is there a way to get more information out of N measurement points? 

Idea: tomography, with scaling law: 
–  N measurement points 
–              reconstructed values  

      acoustic anemometer                    measurement field 





Simulation: Lagrange triangle tesselation.  

16 stations, maximum wind speed 380 Km/h 

Current status: 
–  Small experimental platform with ultrasound 
–  Joint wind and temperature measurement (v ~        ) 
–  investigate a 96 terminal, ultrasound set up for temperature imaging 



Measurements: Experimental set up 

1m ring with 10 sources, 10 receivers, 40KHz sine pulse, 2KHz BW, 96 KHz sampling 

Current status: 
–  Time delay 10^(-8) leads to 0.01 Kelvin precision 
–  Noise problems…. 0.5 Kelvin 
–  Non-linearity problems 



•  Interaction between ultrasound and the medium 

•  Sound speed for tissue characterization 
–  Subcutaneous fat and fat spheres   1470m/s  
–  High attenuation tumor                    1549m/s 
–  Irregular tumor                                 1559m/s 
–  Glandular tissue                               1515m/s 
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Ultrasound 
Source 

Reflection 

Scatter Object: 

Atmosphere 
Tissue 

Transmission 

Absorption 

•  reflection map 



•  Important ▪ 90% of all breast cancer cases can be cured, if detected early 
and treated 

•  Mammography ▪   today’s gold standard, reduced mortality by 15 - 30% 
 ▪   BUT: −  high false negative rate (15%) 

                  −  high false positive rate (up to 80%) 
                  −  X-ray ionizing radiation  
                  −  2D imaging 

•  MRI ▪ high resolution, 3D imaging, but expensive and slow 
•  US  ▪ only reflection map, shadowing effect 

•  Ultrasound Transmission Tomography 
–  Imaging  sound speed and attenuation in tissue  
–  3D imaging  
–  non-ionizing radiation and operator independent 
–  Inexpensive 
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US 



•  Characteristics 
–  20 cm diameter ring  
–  256 Tx and Rx elements 
–   1.5 MHz BW source signal  
–   slice by slice scanning 
–   0.1s to acquire full slice 
–   45-60s for a full breast scan 

•  Imaging parameters  
–   sound speed  increased for cancer 
–  attenuation  increased for cancer, no increase for benign  tumors 
–  reflection map  

•   Importance of sound speed estimation 
–  To model sound propagation in tissue,  important in all other inverse problems 
–  To find the rays in the ray theory of sound propagation 
–  For tissue characterization   
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water tank 

Developed at the Karmanos Cancer Institute, Wayne State University, Detroit, USA 



Ray theory: when the inhomogeneities small compared to the wave length 
•  Advantage: reasonable low complexity 
Classical time delay measurements:  give information about the sound 

speed of an acoustic signal that travels from a transmitter to an emitter   

Algorithm 
•  Phase 1: Estimate the time delay 
•  Phase 2: Solve inverse problem 

–  Compute the rays and sound speed from the time delays  
•  Bent ray model for sound propagation:  

–  Non-linear iterative method 
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•  Forward 

•  Inversion 
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Time of Flights  

Density 

Initial Density  
Estimate 

Density 

Intermediate Density Estimates 

Source  
Signals 
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Non-linear inversion 
–    Snell’s law bending 

–    Alternate between ray tracing and sound speed estimations 

Main difficulty: Insure stability, convergence and robustness to noise  
– Rays may not cover all the tiles uniformly 
– Some tiles may not be covered at all!  

Smooth medium needed for better conditioning 

Ideas 
– Constrain the reconstruction to a low-pass image 
– Bandwidth = (# measurements) / (oversampling factor) 
– Use sparsity and TV regularization to denoise and smooth the medium 
– SNR is low and/or not enough measurements  keep straight rays   



Regularisation by smoothing 
–    Find best bandwidth 



Use  TV and Sparsity to regularize the reconstruction 
–  After accurate-enough ray tracing  

 (l1 + Total variation)- penalized least squares  

    with  sparsity basis,  and    determine the tradeoffs 
–  Wavelet 
–  Learned Dictionary from MRI images 

We need a low complexity algorithm to minimize the convex cost 
function 

–  Conjugate Gradient  
–  Back-tracking line search 
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Without Sparsity & TV With Sparsity & TV 
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Without Sparsity & TV With Sparsity & TV 
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Without Sparsity & TV With Sparsity & TV 
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Pros: 
–  More accurate forward model 
–  Vastly superior to ray-based methods 
–  Higher resolution (shape of occlusions has high diagnostic value) 

Example: numerical phantom (sound speeds) 
fs = 150 kHz, grid size = 400 x 400 
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Example (cont'd): reconstruction accuracy 

     Spatial viewpoint       Frequency viewpoint 
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Cons: 
–  Convergence is difficult to obtain (especially at high frequencies) 
–  Computationally very intensive 

Solutions: 
–  Ray-based reconstruction as initial guess 
–  Algorithm can be parallelized: GPU implementation 

•  Cheap 
•  Off-the-shelf components (NVIDIA graphics cards) 
•  Easily programmable and reconfigurable (CUDA framework) 
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Challenges for the research community 
–  Difficult inverse problems (ill-conditioned, high computational cost) 
–  Data is a difficult to acquire (scanner, patients, FDA approval)  
–  Open access to many publications but very little software and data 

(reproducible research) 

USense.org 
–  Goal: open access to software/harware designs and data for 

ultrasound-based medical imaging (GNU licenses) 
–  Now: just started! 
–  Soon: C/C++ code for waveform tomography using GPU 
–  Future: we hope contributions from other research groups! 
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USense.org: check it out! 



•  Software 
–  Ray forward 
–  Ray inversion 
–  Wave forward 
–  Wave inversion 
–  Libraries: MaviLib, WaveletLib 

•  Open hardware 
–  Schemes 
–  Detailed descriptions 

•  Data 
–  Numerical data 
–  In vitro data 
–  In vivo data 

•  Open problems 
–  Time delay estimation 
–  Inversion 
–  Sparsity 
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CT scan US scan 
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Sampling at the rate of innovation 
–  Cool! 
–  Sharp theorems and robust algorithms 
–  Provable optimality over wide SNR ranges 

Diffusion equation 
–  Pervasive but difficult 
–  Parametric methods with precise  bounds 
–  Surprising spatial super-resolution  

Acoustic Tomography 
–  Non-linear 
–  Requires all the tricks in the box 
–  Open source to get the wisdom of the crowd 
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Special issue on Compressive Sampling: 
–  R.Baraniuk, E.Candes, R.Nowak and M.Vetterli 

(Eds.) IEEE Signal Processing Magazine, March 
2008.10 papers overviewing the theory and 
practice of Sparse Sampling, Compressed 
Sensing and Compressive Sampling (CS). 

Basic paper: 
–  M.Vetterli, P. Marziliano and T. Blu, “Sampling 

Signals with Finite Rate of Innovation,” IEEE 
Transactions on Signal Processing, June 2002. 

Main paper, with comprehensive review: 
–  T.Blu, P.L.Dragotti, M.Vetterli, P.Marziliano, and 

L.Coulot,“Sparse Sampling of Signal Innovations: 
Theory, Algorithms and Performance Bounds,” 
IEEE Signal Processing Magazine, Special issue 
on Compressive Sampling, March 2008. 
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FRI sampling 
–  P.L. Dragotti, M. Vetterli and T. Blu, “Sampling Moments and 

Reconstructing Signals of Finite Rate of Innovation: Shannon Meets 
Strang-Fix,” IEEE Transactions on Signal Processing, May 2007.  

–  P. Marziliano, M. Vetterli and T. Blu, Sampling and exact reconstruction 
of bandlimited signals with shot noise, IEEE Transactions on 
Information Theory, Vol. 52, Nr. 5, pp. 2230-2233, 2006. 

–  I. Maravic and M. Vetterli, Sampling and Reconstruction of Signals with 
Finite Rate of Innovation in the Presence of Noise, IEEE Transactions 
on Signal Processing, Aug. 2005. 

–  I. Maravic and M. Vetterli, Exact Sampling Results for Some Classes of 
Parametric Non-Bandlimited 2-D Signals, IEEE Transactions on Signal 
Processing, Vol. 52, Nr. 1, pp. 175-189, 2004. 

Diffusion sampling: 
–  Y. M. Lu and M. Vetterli, Distributed Spatio-Temporal Sampling of  

Diffusion Fields from Sparse Instantaneous Sources, to appear in Proc.  
3rd CAMSAP, Aruba, 2009. 
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